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Abstract

We consider here a large-scale social network with a continuous response observed for each

node at equally spaced time points. The responses from different nodes constitute an ultrahigh

dimensional vector, whose time series dynamics is to be investigated. In the meanwhile, the

network structure needs to be taken into consideration. To this end, we propose a network vector

autoregressive (NAR) model. NAR models each node’s response at a given time point as a linear

combination of (a) its previous value, (b) the average of its connected neighbors, (c) a set of

node-specific covariates, and (d) an independent noise. The corresponding coefficients are referred

to as the momentum effect, the network effect, and the nodal effect respectively. The second-order

stationary conditions for the NAR model are derived, and it is found that the network structure

plays an important role. In order to estimate the NAR model, an ordinary least squares type

estimator is developed, and its asymptotic properties are investigated. We further illustrate the

usefulness of the NAR model through a number of interesting potential applications. Simulation

studies and an empirical example are presented to demonstrate the performance of the newly

proposed methodology.

KEY WORDS: Multivariate Time Series; Ordinary Least Squares; Social Network; Vector

Autoregression.

Extended Abstract

Consider a large-scale social network (e.g., Facebook or Twitter) with N nodes (i.e., users) indexed

by 1 ≤ i ≤ N . Throughout the rest of this article, we refer to N as the network size. To describe

the network structure, define an adjacency matrix A = (ai1i2) ∈ RN×N , where ai1i2 = 1 if there

exists a social relationship from i1 to i2 (e.g., user i1 follows i2 on Twitter), and ai1i2 = 0 otherwise

(Wasserman and Faust, 1994). We follow the tradition and do not allow any node to be self-related,

so that aii = 0 for any 1 ≤ i ≤ N (e.g., any Twitter user cannot follow itself). Let Yit ∈ R1 be

the continuous response obtained from node i at time point t (e.g., log-transformed total tweet

length). Accordingly, Yt = (Y1t, · · · , YNt)
> ∈ RN constitutes an ultrahigh dimensional vector with

a very large N , and its time series dynamics need to be statistically modeled and theoretically

investigated.

Note that Yt ∈ RN with 0 ≤ t ≤ T is an ultrahigh dimensional time series. Consequently, it

has a close relationship with multivariate time series literature (Box et al., 1994; Hamilton, 1994;

McQuarrie and Tsai, 1998; Shumway and Stoffer, 2000; Fan and Yao, 2003). For an usual
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한국통계학회 2016년 춘계학술논문발표회 프로시딩

multivariate time series, the following common wisdoms exist. The first one is to model each in-

dividual time series (i.e., Yit with 0 ≤ t ≤ T but for a fixed i) separately (Newbold and Granger,

1974; Brown et al., 1987; Cuaresma et al., 2004). This approach is simple in both theory and

computation. However, the dynamics across different time series are lost. As an alternative, one

can model Yt by a vector autoregressive (VAR) model (Bedrick and Tsai, 1994; Lütkepohl, 2007).

Accordingly, the information of all time series is fully considered. However, the number of parame-

ters need to be estimated is of O(N2), which could be much larger than T , if N is sufficiently large.

Thus, many efforts have been taken to reduce parameter dimension by either sparse estimation

(Hsu, Hung and Chang, 2008; Han and Liu, 2013) or dimension reduction (De Mol et al., 2008;

Negahban and Wainwright, 2011; Velu and Reinsel, 2013). In particular, dimension reduction by

factor modeling has been proved very useful; see for example Forni et al. (2005), Pan and Yao

(2008), Park et al. (2009), and Lam and Yao (2012) for some interesting discussions. However, to

our best knowledge, none of these methods has taken the observed social relationships (i.e., network

structure, an extremely valuable information) into consideration. This is the key contribution we

intend to make in this work.

Under a network framework, Yit might be affected by four different factors. Firstly, Yit might

be affected by itself but from the previous time point, that is Yi(t−1). Secondly, Yit might be

affected by its connected neighbors, which are collected by {j : aij = 1}. Thirdly, Yit might also be

affected by a set of node-specific covariates (denoted by a p-dimensional vector Zi ∈ Rp). Lastly,

the unexplained variation should be attributed to an independent random noise. As a result, we

are stimulated to propose a network vector autoregressive (NAR) model, which assumes that Yit

is a linear combination of: (a) Yi(t−1), (b) n−1i

∑
j aijYj(t−1) with ni =

∑
j aij , (c) node-specific

covariates Zi, and (d) an independent noise. The associated coefficients are then referred to as the

momentum effect, the network effect, and the nodal effect, respectively.

Compared with an usual VAR model, where the total number of parameters diverges with N , the

total number of unknown parameters in a NAR model is fixed. Consequently, the NAR model can

be easily estimated for large-scale social networks. In particular, an ordinary least squares type

estimator is proposed, and its asymptotic properties are investigated with a diverging network size

(i.e., N →∞). Furthermore, a NAR model’s second-order stationary conditions are established and

the resulting stationary distribution is analytically derived. It is found that the network structure

plays an important role in determining a NAR model’s stationary distribution. This leads to a

number of interesting potential applications, which are structure change analysis and intervention

analysis.
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한국통계학회 2016년 춘계학술논문발표회 프로시딩

Lam, C., and Yao, Q. (2012), “Factor modeling for high-dimensional time series: inference for the number

of factors,” The Annals of Statistics, 40, 694-726.

Lee, L. F. (2004), “Asymptotic Distributions of Quasi-Maximum Likelihood Estimators for Spatial Autore-

gressive Models,” Econometrica, 72, 1899-1925.

Lee, L. F. and Yu, J. (2009), “Spatial nonstationarity and spurious regression: The case with a row-

normalized spatial weights matrix,” Spatial Economic Analysis, 4, 301-327.

Lütkepohl, H. (2007), New introduction to multiple time series analysis, New York: Springer Science and

Business Media.

Meyn, S. P. and Tweedie, R. L. (2012), Markov chains and stochastic stability, New York: Springer Science

and Business Media.

McQuarrie, D. R. and Tsai, C. L. (1998), Regression and Time Series Model Selection, Singapore: World

Scientific.

Newbold, P. and Granger, C. W. (1974), “Experience with forecasting univariate time series and the

combination of forecasts,” Journal of the Royal Statistical Society, Series B, 137, 131-165.

Negahban, S., and Wainwright, M. J. (2011), “Estimation of (near) low-rank matrices with noise and

high-dimensional scaling,” The Annals of Statistics, 39, 1069-1097.

Nowicki, K. and Snijders, T. A. B. (2001), “Estimation and prediction for stochastic blockstructures,”

Journal of the American Statistical Association, 96, 1077-1087.

Pan, J. and Yao, Q. (2008), “Modelling multiple time series via common factors,” Biometrika, 95, 365-379.

Park, B. U., Mammen, E., Hardle, W., and Borak, S. (2009), “Time series modelling with semiparametric

factor dynamics,” Journal of the American Statistical Association, 104, 284-298.

Shumway, R. H. and Stoffer, D. S. (2000), Time Series Analysis and Its Application, New York: Springer.

Velu, R., and Reinsel, G. C. (2013), Multivariate reduced-rank regression: theory and applications, New

York: Springer Science and Business Media.

Wang, Y. J. and Wong, G. Y. (1987), “Stochastic blockmodels for directed graphs,” Journal of the American

Statistical Association, 82, 8-19.

Wasserman, S. and Faust, K. (1994), Social Network Analysis: Methods and Applications, London: Cam-

bridge University Press.

Zhao, Y., Levina, E., and Zhu, J. (2012), “Consistency of community detection in networks under degree-

corrected stochastic block models,” The Annals of Statistics, 40, 2266-2292.

8


